The generalized Cobb-Douglas production function has been derived from a general input-output relation based on fractality assumptions. It was proved to be a useful self-affine model for geographical analysis. However, the ordinary least square calculation is always an ineffectual method for the Cobb-Douglas modeling because of the multicollinearity in the logarithmic linear regression. In this paper, a novel approach is proposed to build the geographical Cobb-Douglas models. Combining the concept of allometric scaling with the linear regression technique, we obtain a simple algorithm that can be employed to estimate the parameters of the Cobb-Douglas function. As a case, the algorithm and models are applied to the public transportation of China's cities, and the results validate the allometric algorithm. A conclusion can be drawn that the allometric analysis is an effective way of modeling geographical systems with the general Cobb-Douglas function. This study is significant for integrating the notions of allometry, fractals, and scaling into a new framework to form a quantitative methodology of spatial analysis.
Introduction
The well-known production function was proposed by Cobb and Douglas [1] and consolidated by many economists. Today, the Cobb-Douglas function was proved to be a tool of geographical analysis because geographical systems are always associated with economic systems [2, 3] . In fact, many geographical theories such as central place theory came from economics. By geographical assumptions, the generalized Cobb-Douglas production model can be derived in a simple way by using the ideas from fractals and scaling. Thus the fractal concept and the production function were combined to form a new model. This model may be useful for geographical information analysis in the future. Fractals are everywhere [4] [5] [6] , and fractal dimension is related to information entropy [7] . Fractal geometry can be employed to reveal spatial information of geographical systems, especially, cities as systems and systems of cities [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . What is more, the general Cobb-Douglas function can be applied to modeling natural systems, for example, ecological systems [26] .
A good mathematical model is always based on an effective algorithm. However, the ordinary least square (OLS) method cannot be used to estimate the parameter values of the fractal-based Cobb-Douglas model in many cases because of logarithmic multicollinearity. In other words, there are allometric scaling relationships between any two independent variables, which are employed to make models. On the other hand, the allometric scaling is one of the basic laws in geography. It can be utilized to make spatial analyses for many geographical systems [2, 10, [27] [28] [29] [30] [31] [32] [33] [34] [35] . The key to solving the problem of the Cobb-Douglas modeling rests with the allometry. In this paper, the allometric analysis is adopted to develop a new approach to evaluating the parameters of the general production function. The other parts are organized as follows. In Section 2, the allometric scaling is demonstrated to be a way of estimating the parameters of the Cobb-Douglas model. In Section 3, the model based on the allometric algorithm is applied to the public transportation of Chinese cities, and the empirical results validate the theoretical derivation. Finally, in Section 4, the related questions are discussed, and the paper is concluded with several pieces of comments.
Discrete Dynamics in Nature and Society
Cobb-Douglas production functions are widely employed to describe the relationship of one output with many inputs. Suppose that there are elements in a geographical system, and each element affects the output to some extent ( = 1, 2, . . . , ). An assumption can be made as follows:the geographical system is a fractal system in a broad sense. That is, the relationships between the inputs represented by elements and the output satisfy some self-similar or selfaffine conditions [2] . Because all the elements contribute to the output of the geographical system, the output as response to the elements can be generally expressed as follows:
in which is a proportionality coefficient. Taking the complete differential of (1) yields
This result is easy to understand by the knowledge of complete differential in higher mathematics. Dividing (2) on both sides with gives
The precondition of (3) is that the system depicted by (1) is of fractal structure. If and only if the system is of self-similar or self-affine structure, the parameter will be constant. According to our assumption aforementioned, the fractal parameter can be defined by
This parameter is in fact an elastic coefficient. Apparently, (4) reflects a partial scaling relation, just indicating that the output depends to scale on the element regardless of other elements. Equation (3) can be equivalently expressed as
Then taking integral on both sides of (5) yields
Apparently, from (6) it follows that
where refers to the integral constant. A simple mathematical transform of (7) yields
which is just the generalized Cobb-Douglas function indicative of self-affine patterns [2, 3] . In the function, the constant = exp refers to the output coefficient. If = 2 as given, then (8) can be reduced to the common Cobb-Douglas function
where 1 and 2 represent capital and labor, respectively. In a city system, 1 and 2 can represent population size and land-use area. The traditional production function is a special case of the generalized production function. It is clear that (8) denotes a complete relation, while (4) represents a partial relation. In this case, if (8) is true, we cannot integrate (4) over . Otherwise a contradiction will take place if we take integral of (4). Now suppose that only influences with other elements being invariable. Then the equation d ln = d ln can be derived from (4), and integrating this relation gives the following power function:
This is a generalized allometric function [2, [36] [37] [38] . There is a logical contradiction between (8) and (10) . Comparing (10) with (8) shows why (4) cannot be calculated the integral when (10) holds. Evidently, we can get a multivariate linear regression equation by taking logarithms on both sides of (8); in the same way, a univariate linear regression equation can be gotten by taking logs of (10) . According to the knowledge of statistics related, if a response variable depends on many explanatory variables, but only one of which is considered, then the estimation results of the parameters of the regression equation will greatly deviate from the true values. In short, (10) will be true if and only if others elements ( ̸ = ) are all fixed.
A general allometric scaling relation can be derived from the generalized Cobb-Douglas function. Taking two elements, say, and , into consideration in terms of (10), we have
This is the well-known allometric relation of any two elements [28, 39] . Suppose the dimension of is , and the dimension of is . According to the principle of dimensional homogeneity, we have
The principle of dimensional homogeneity is also called the "principle of dimension consistency" [29] , which comes from the proportion axiom in mathematics. Comparing (12) with (11) yields a fractal parameter relation such as [2] = ,
which suggests that the ratio of two fractal dimensions equals the ratio of two elastic coefficients, but a fractal dimension is Discrete Dynamics in Nature and Society 3 reciprocally proportional to its corresponding elastic coefficient. Substituting (11) or (12) into (8) repeatedly yields
where is a proportionality coefficient and is a generalized allometric scaling exponent. Clearly, the scaling exponent is relative to the fractal dimension and . Equation (14) shares the same form as (10), but they have different physical meaning. Equation (10) is true if and only if the final output depends only on one element, whereas (14) is true when the final output depends on many elements, between which there exist allometric scaling relations. However, if the allometric relation appears between any pair of urban elements, the parameters of the log-linear expression of (8) cannot be estimated by using the OLS method. Otherwise, we will inevitably come across the problem of multicollinearity. Thus we need a new algorithm for the Cobb-Douglas modeling of geographical systems.
Allometric Algorithm.
The fractal-based Cobb-Douglas equation can be formally solved by the OLS algorithm, but the results may be unacceptable. Taking natural logarithm on both sides of (8) gives
which is clearly a multivariable linear equation. It seems as if the technique of multivariate linear regression can be employed to estimate the values of model parameters. However, the independent variables are always related to one another in practice so that the parameters cannot be properly evaluated because of multicollinearity. A discovery is that the allometric analysis can be used to solve the generalized CobbDouglas equations. Let = 1, 2, . . . , . Then multiplying (14) by (14) again and again yields
This suggests a partial scaling relation. In fact, multiplying by a scale factor gives
which suggest a self-affine fractal structure [3] . Comparing (16) with (8) shows
An allometric algorithm can be presented for solving the generalized production model. In fact, (14) and (16) indicate a new approach to estimate model parameters, and (18) suggests a simple method of evaluating the partial scaling exponents. In short, by means of the allometric scaling relations between each independent variable and the dependent variable, we can replace the multiple log-linear regression with a set of simple log-linear regressions to estimate the model parameters and then build the Cobb-Douglas model.
Fractal Meaning of Model Parameters.
It is necessary to demonstrate that the parameters of the Cobb-Douglas model are associated with fractal dimension. The Hausdorff dimension has been proved to be equivalent to Shannon's information entropy [7] . Revealing the dimension meaning of the model parameters is helpful for spatial analysis of geographical systems. The key to understanding the property of fractional dimension of the Cobb-Douglas model parameters lies in the geometric measure relation, which is also termed fractal measure relation [40] . Suppose that denotes the dimension of . Comparing (14) with the geometric measure relation based on the principle of dimensional consistency
we have
This suggests that the parameter has fractal dimension property in a broad sense. In fact, the generalized allometric scaling exponent is a ratio of the dimension of the output variable to that of an input variable. It is obvious that (12) can be derived from (19) . Thus a generalized fractal dimension equation can be obtained as follows:
which gives the mathematical relationships between different fractal dimensions, different elastic coefficients, and different allometric scaling exponents.
The fractal parameter equations are revealing for us the idea to link the generalized Cobb-Douglas function with allometric analysis. Although the scaling exponent in (16) may not be equivalent to the corresponding parameters in (8) , the ratio of these parameters equals each other. For example, considering two elements and , we have
which suggests that the ratio of two allometric scaling exponents equals the ratio of two elastic coefficients, but an allometric scaling exponent is be directly proportional to its corresponding elastic coefficient. This relation is important for fractal study of geographical systems. In fact, when we make an allometric analysis of different components in a system, what we are really concerned with is the ratio of two fractal dimensions instead of each fractal dimension [3, 28] . Therefore, we can explore the ratio of dimensions by substituting (14) for (8) . That is, a fractal study can be made from allometric analysis to the Cobb-Douglas modeling.
The main points of the mathematical process can be summarized as follows [3] . First, the Cobb-Douglas function is a fractal model indicating self-affinity. Second, the model parameters are relative to the fractal dimension in a broad sense. Third, the relationships between one element and other elements follow the law of allometric growth. Last but not the least, if the input-output relations of a geographical system can be characterized with the Cobb-Douglas function, we can investigate the system by using only a few variables, which can simplify the analytical process to a great extent. 
Empirical Analysis

Materials and Methods.
A case study can be made by applying the general Cobb-Douglas model and allometric algorithm to the public transportation of Chinese cities. The study area includes the whole mainland of China (Figure 1 ). Urban transportation is one of important aspects of new science of cities [41] . The observational data come from China Statistical Yearbook of National Bureau of Statistics of the People's Republic of China. Three variables are adopted in this statistics as follows: first, the year-end number of public vehicles in operation (unit), which is abbreviated to "vehicle number"; second, the total length of roads in operation (km), which is represented by "road length" for short; third, the volume of passengers transported by public traffic vehicles (10000 person-times), which is abbreviated to "passenger volume. " The three variables fall into two types: two input (independent) variables and one output (dependent) variable (Table 1 ). The public transportation can be divided into two groups: the major group includes bus and trolley bus, and the miner group includes subways, light rail, and streetcar.
Based on these variables, partial basic statistical datasets on the public transportation of China's cities are tabulated by region as follows (Table 2) . Using log-linear regression analysis and allometric analysis, we can build two kinds of Cobb-Douglas model for the urban transportation of China. One is for the whole transportation, including the major group and minor group (global analysis); the other is for the major group, including bus and trolley bus (local analysis). Because of the incomplete statistical dataset, we do not make models for the minor group including subway, light rail, and streetcar. First of all, a structural analysis is made; then, a simple dynamical analysis is implemented. All these analyses are based on the crosssectional datasets of the public transportation of China's cities.
3.2.
Results. For comparison, let us examine the wrong approach to modeling the urban transportation in the first place. If the multivariable log-linear regression is employed to estimate the model parameters, the results will be deviant.
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= 26.9052
where 1 refers to vehicle number, 2 refers to road length, and -hat refers to passenger volume. The hat symbol "̂" indicates "predicted value. " For the local modeling (bus and trolley bus), the model iŝ = 36.7876
in which the notation is the same as in (23) . The main statistics for these models are displayed in Table 3 . Obviously, based on the statistics, the levels of confidence of the two models are both greater than 99%. However, the scaling exponents are abnormal because the elasticity of 2 versus is minus. If the models are true, this will suggest that the length of roads makes a negative contribution towards the traffic volume of passengers. This case cannot take place in the real world. The deviant parameter values mean that the multivariable linear regression is improper and it is necessary to adopt a valid approach to evaluating model parameters.
In contrast, if we employ the allometric analysis based on the simple linear regression to estimate model parameters, the result will be different and convincing. The relationship 6 Discrete Dynamics in Nature and Society between vehicle number and road length as well as passenger volume follows the law of allometric scaling (Figures 2 and 3 ). This is a kind of cross-sectional allometric growth [28] . Using (14) to make log-linear regression analyses, we can estimate the parameter values of the Cobb-Douglas function easily. According to the mathematical process from (14) to (16), two allometric models can be integrated into a Cobb-Douglas model. The first step is to calculate the allometric scaling exponents, and the second step is to evaluate the parameters of the general production function. For the global modeling (public transportation), the allometric models are as follows:
= 20.8673
The values of the goodness of fit are 2 = 0.9498 and 2 = 0.8042, respectively (Figure 2) . Multiplying (25) by (26) 
For the local modeling (bus and trolley bus), the allometric models are as follows:̂= 25.8559
= 32.1484
The determination coefficient values are 2 = 0.9581 and 2 = 0.8097, respectively (Figure 3) . Multiplying (28) by (29) gives the local modeling result in the following form: So far, we have finished the process of mathematical modeling from the allometric scaling relations to the CobbDouglas function. The two models, (27) and (30) , are fair and reasonable and thus acceptable. In the models, a proportionality coefficient of the Cobb-Douglas model is the geometrical average of allometric proportionality coefficients, and each cross elastic coefficient is the corresponding allometric scaling exponent divided by the number of independent variables (Table 4) .
Before using the parameter values to explain the system of China's public urban transportation, we clarify the relationships between the parameters and the geographical system. Generally speaking, it is a measurement that makes a link between mathematical models and empirical phenomena [42] . In theory, each system can be made a measurement, and thus we have one or more measure values (e.g., length, area, size, density); each measure corresponds to a dimension, and thus we have one or more dimension values (e.g., 1, 2, 3, 1.262, 1.585). If a system has a characteristic scale, the dimension will be an integer (0, 1, 2, 3) and will give no useful information, and we can use the measure values to make an analysis; on the contrary, if a system has no characteristic scale, the measure values will be uncertain, and we can use the dimension values to make an analysis [2] . In the latter case, the dimension will be a fractional value instead of an integral number. In this case study, the spatial measures that we employ are vehicle number, road length, and passenger volume, as indicated above. Because human geographical systems bear no characteristic scale, we had better utilize fractal dimensions or scaling exponents based on these measures to make analyses. The relationships between the scaling exponents, elastic coefficient, and fractal dimension are shown by (13) , (20) , (21) , and (22), which have been explained above. The best approach to understanding the mathematical models and parameters is the mathematical process. According to these equations, we can understand the fractal parameters, and using these fractal parameters, especially the scaling exponents, we can research into a geographical system.
In terms of the modeling processes and the scaling exponent values, we can reveal the geographical features of public transportation of China's cities. First, the system of public urban transportation follows the allometric scaling law. Thus the system can be described with generalized fractal dimension. As far as the case in 2012 is concerned, according to the allometric scaling exponent values (Figures 2 and 3) , the fractal dimension of passenger volume is greater than that (Table 5) . What is more, the goodness of fit of the allometric regression modeling has been escalating in a fluctuant way (Figure 4 ). From the above analyses, two conclusions can be drawn as follows. First, the structure of the public transportation of China's cities has been improved year after year; second, it is more efficient to optimize vehicles than to increase roads of Chinese urban transportation.
Discussion and Conclusions
The Cobb-Douglas production function comes from economic problems, but it can be applied to many kinds of systems such as city systems and ecosystems [2, 3, 26] . In other words, the Cobb-Douglas function is a universal model, which can be used to describe the input-output relations of natural and social systems in various fields. In this sense, the abovementioned results of derivation can be generalized to other fields, and the precondition is that the systems which will be studied have self-affine fractality. Compared with the previous works [3] , the novelty of this study is that a simple allometric algorithm is advanced to estimate the parameters of the Cobb-Douglas models for geographical analysis. The case of public transportation of cities shows the effect of this algorithm. The limitation of this study lies in a lack of dynamical analysis based on time series despite the estimated values of the allometric scaling exponent based on the temporal dimension. From the theoretical derivation and empirical evidence, the main conclusions of this study can be reached as follows. First, the allometric scaling is associated with the Cobb-Douglas function. The cross elastic coefficients of the generalized production function are correlated with the allometric scaling exponents. The allometric analysis provides an efficient approach to estimate the parameters of the Cobb-Douglas model. Second, both fractal dimension and scaling exponent are important indexes for the geographical analysis using the Cobb-Douglas function. An allometric scaling exponent is a ratio of generalized fractal parameters. If the fractal dimension cannot be directly evaluated for a geographical system, the scaling exponents can be used as substitutes. Third, fractal geometry, allometric scaling, and the production function can be integrated into a new framework. Based on this framework, we can develop an effective method for spatial analysis of geographical systems. It is hard to explain every question in a few lines of words. Due to limited space, the related problems remain to be solved in future studies.
